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Abstrat
Hartree-Fok-Bogoliubov alulations of hot ssion in
240
Pu have been performed with a newly-
implemented ode that uses the D1S nite-range eetive interation. The hot-sission line is
identied in the quadrupole-otupole-moment oordinate spae. Fission-fragment shapes are ex-
trated from the alulations. A benhmark alulation for
226
Th is obtained and ompared to
results in the literature. In addition, tehnial aspets of the use of HFB alulations for ssion
studies are examined in detail. In partiular, the identiation of sission ongurations, the sen-
sitivity of near-sission alulations to the hoie of olletive oordinates in the HFB iterations,
and the formalism for the adjustment of olletive-variable onstraints are disussed. The power
of the onstraint-adjustment algorithm is illustrated with alulations near the ritial sission
ongurations with up to seven simultaneous onstraints.
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I. INTRODUCTION
The last three deades have seen a resurgene of interest in the mirosopi desription of
nulear ssion. This renaissane in ssion theory has been ushered in by progress in formal
many-body theory and by the advent of faster and parallel omputers. The mirosopi
approah an boast a well-established trak reord of aomplishment over the last three
deades, suh as the predition of ssion barriers [1, 2, 3, 4, 5, 6, 7℄, and their evolution
with temperature [8℄ and angular momentum [9℄, the predition of ssion times [2, 10℄ and
ssion-isomer lifetimes [11℄, the desription of hot and old ssion [2℄, the predition of ssion
yields [12℄, the desription of luster radioativity as very asymmetri ssion [13℄, and most
reently, the alulation of ssion-fragment properties (e.g., exitation energy, shape, kineti
energy, emitted-neutron multipliity, angular momentum) [14, 15℄. Despite these suesses
however, the mirosopi desription of ssion remains one of the most diult hallenges
in nulear physis.
On the other hand, the promise of a mirosopi theory that an reliably predit nearly
all aspets of ssion within a single, self-onsistent framework is tantalizing. A fully self-
onsistent, dynamial approah to ssion has been developed by the group at Bruyères-le-
Châtel [2, 12, 14℄, and is being implemented at Livermore [16℄. This approah treats both
stati and dynami aspets of ssion self-onsistently and requires as its only phenomeno-
logial input the eetive interation between the nuleons.
A Hartree-Fok-Bogoliubov (HFB) ode is the entral tool for the desription of the
stati aspets of ssion in the mirosopi method. The use of a nite-range eetive inter-
ation, suh as the D1S interation [17℄, allows for the treatment of pairing within the HFB
formalism [18℄ in a fully self-onsistent manner, and without the need for additional phe-
nomenologial parameters. The HFB alulations an be onstrained by a judiious hoie
of olletive variables to explore those nulear shapes that are relevant to ssion. Suh
onstraints have onrmed the rihness of ssion phenomena, for example by revealing the
full range of ssion modes from hot (fragments formed in maximally-exited states) to old
(fragments formed with no exitation energy) [2℄.
In the dynamial omponent of the mirosopi theory, a wave paket is built from
HFB solutions onstrained over all relevant nulear shapes using the Time-Dependent
Generator-Coordinate Method (TDGCM) [19, 20, 21, 22℄. In pratial appliations, the
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Gaussian-Overlap Approximation (GOA) to the TDGCM an be used to produe a olle-
tive Shrödinger equation, and therefore a olletive Hamiltonian, onstruted entirely from
the single-partile degrees of freedom. The TDGCM formalism desribes the nuleus in its
lowest-energy state, as well as its olletive exitations [23, 24℄, and an be extended to
inlude intrinsi exitations as well [25℄ on the way to sission. These intrinsi exitations
are needed for a mirosopi desription of ssion that goes beyond the standard adiabati
approximation usually adopted in ssion alulations [26℄. This omprehensive program for
the mirosopi desription of indued ssion has already shown the importane of dynam-
ial eets in the predition of ssion times [2℄ and ssion-fragment yields [12℄, but a great
deal of work remains to inlude all the relevant physis aspets in the alulation. In par-
tiular, a detailed and quantitative understanding of sission itself remains to be developed
even at the level of the stati alulations.
In this paper, we fous on the stati aspet of the mirosopi theory with three goals
in mind: 1) to introdue the newly-developed HFB ode FRANCHBRIE [16℄, whih uses
a nite-range eetive interation, 2) to examine in detail some basi tehnial aspets
of ssion alulations with an HFB ode, and 3) to present rst-time results of sission
properties for the hot ssion of
240
Pu. In setion II we review the HFB formalism and
disuss in detail some features of the one-enter deformed harmoni-osillator basis, formal
and pratial aspets of HFB ssion alulations with multiple onstraints, as well as the
HFB onvergene algorithm itself. In setion III, we benhmark our HFB ode against two-
enter alulations of sission properties for
226
Th by Dubray et al. [14℄. We then apply
the ode to the identiation of hot-sission ongurations in
240
Pu, and the shapes of the
nasent fragments just before sission.
II. THEORY
A. General HFB formalism
For onveniene, we reall the main points of the HFB formalism with a nite-range
eetive interation in this setion and refer the reader to the literature for further details
(see, e.g., [27, 28, 29℄). We have implemented this formalism within the ode FRANCHBRIE
[16℄.
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We start from the many-body Hamiltonian in seond-quantized notation (see, e.g., hap-
ter 5 in [27℄),
H =
∑
mn
tmna
†
man +
1
4
∑
mnpq
V¯mnpqa†ma†naqap
with the antisymmetrized two-body matrix elements
V¯mnpq ≡ 〈mn |V| pq〉 − 〈mn |V| qp〉
and the usual antiommutation rules for partile operators
{am, an} =
{
a†m, a
†
n
}
= 0,
{
a†m, an
}
= δmn (1)
In this paper, we use a nite-range eetive interation whih in oordinate spae takes the
form [28℄
V (~r1, ~r2)
=
2∑
i=1
(
Wi +BiPˆσ −HiPˆτ −MiPˆσPˆτ
)
e−(~r1−~r2)
2/µ2
i
+iWLS
←−∇12 × δ (~r1 − ~r2)−→∇12 · (~σ1 + ~σ2)
+t0
(
1 + x0Pˆσ
)
δ (~r1 − ~r2) ργ
(
~r1 + ~r2
2
)
+ V
Coul
(2)
where
←−∇12 ≡ ←−∇1 − ←−∇2 , −→∇12 ≡ −→∇1 − −→∇2, Pˆσ is the spin-exhange operator, and Pˆτ is
the isospin-exhange operator. The Coulomb interation V
Coul
is added if both partiles are
protons, and ρ (~r) denotes the total nulear density. The D1S eetive interation [2, 4℄ has
been used for the present alulations. Given the omputationally-intensive nature of the
alulations, we have omitted ontributions from the spin-orbit and Coulomb interations to
the pairing eld. This approximation is well justied in the ase of the spin-orbit interation
whose intensity in the singlet-even hannel is very weak, but less so for the Coulomb term
that an signiantly redue the pairing orrelations for proton pairs [30℄. We note also that
the density-dependent part of the interation is adjusted to anel in the singlet-even hannel
by setting x0 = 1. Consequently, only the Gaussian terms ontribute to the pairing eld,
whih permits the fully self-onsistent appliation of the Bogoliubov formalism, without the
need for arbitrary trunations of the spae or the use of ad-ho pairing fores. The Coulomb
exhange ontribution has been treated in the Slater approximation, and the two-body
ontribution to the enter-of-mass orretion has been inluded in the mean eld.
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The Bogoliubov theory [18℄ takes into aount, in an approximate way, two-body orre-
lations beyond the mean-eld restrition to partile-hole exitations. The approah denes
quasipartile reation and destrution operators as linear ombinations of the partile re-
ation and destrution operators,
η†µ ≡
∑
n
(
Unµa
†
n + Vnµan
)
ηµ ≡
∑
n
(
U∗nµan + V
∗
nµa
†
n
)
(3)
Assuming there exists a vauum of the destrution operators ηµ, denoted by
∣∣0˜〉, we identify
it as the ground state of the nuleus and its energy an be written simply as a funtional of
the density matrix and the pairing tensor or, equivalently, as a funtional of the generalized
density
R ≡

 ρ −κ
κ∗ I − ρ∗

 ≡

 R11 R12
R21 R22


(4)
We reall that the unitarity ondition of the transformation in Eq. (3) is equivalent to
R2 = R (5)
we will therefore write the energy as
E (ρ, κ, λp, λn,Λ)
= E (ρ, κ)− λp
〈
0˜
∣∣∣Nˆp∣∣∣ 0˜〉− λn 〈0˜ ∣∣∣Nˆn∣∣∣ 0˜〉
−Tr [Λ (R2 − R)] (6)
where E (ρ, κ) is the expetation value of the Hamiltonian in the quasipartile ground state,
λp and λn are the Lagrange parameters needed to impose the appropriate average number
of protons and neutrons, respetively, given by the matrix R. The matrix Λ of Lagrange
parameters is needed to satisfy Eq. (5). Thus the determination of the fundamental nulear
state amounts to nding the generalized density matrix that minimizes Eq. (6). Some au-
thors reognize Eq. (6) as the equation of a multidimensional surfae, and seek its minimum
diretly using standard mathematial tehniques to nd the minimum of a funtion. Among
these approahes, we ite the gradient method [31℄ or an improved variant known as the
onjugate gradient method [32℄. The number and diversity of appliations using this method
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speak to its eetiveness [7, 8, 9, 13, 33, 34℄. In our approah to the minimization of Eq.
(6), we start with the variational priniple,
δE (ρ, κ, λp, λn,Λ) = Tr {[H− (ΛR+RΛ− Λ)] δR}
= 0 (7)
∀δR where
Hijmn ≡ 2
δE (ρ, κ, λp, λn)
δRjinm
(8)
Taking into aount Eq. (5) it is possible to eliminate the onstraint matrix Λ, leading to
the Bogoliubov equation
[H (R) , R] = 0 (9)
The Bogoliubov matrix H in Eq. (9) is onstruted with the help of the blok matries
dened by Eq. (8). The expliit form of these matrix elements for the D1S eetive inter-
ation is given by referenes [28, 35℄. The solution of Eq. (9) is then found by suessive
diagonalizations of the Bogoliubov Hamiltonian. This iterative solution method is desribed
in greater detail in setion IID and appendix A.
B. Basis trunation and aspets of one-enter basis alulations
In pratial appliations, the formalism of setion IIA must be expressed in some basis.
Typially, the deformed Harmoni-osillator (HO) basis (see, e.g., hapter 2 in [27℄) has been
used in many HFB alulations, inluding those dealing with ssion [4, 36℄. The basis states
in ylindrial oordinates (ρ, z, ϕ) are
〈~r|nr,Λ, nz, σ〉 = Φnr ,|Λ| (ρ; b⊥)
eiΛϕ√
2π
×Φnz (z; bz)χσ (10)
where the expliit forms used in this work for the radial (Φnr ,|Λ|) and Cartesian (Φnz) om-
ponents and their relevant properties an be found, e.g., in [35℄, and χσ is a spinor funtion
for σ = ±1/2. These basis states assume axial symmetry of the nuleus expliitly. Other
symmetries an also be imposed on the HFB alulation to redue the overall size of the
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problem. Two symmetries in partiular are relevant to the ssion alulations in this paper:
the symmetry with respet to the parity operator Πˆ
Πˆ |nr,Λ, nz, σ〉 = (−1)|Λ|+nz |nr,Λ, nz, σ〉
and the symmetry with respet to the z-signature operator Sˆz = iRˆz (π), where Rˆz (π) eets
a rotation by π in both spatial and spin spae,
Sˆz |nr,Λ, nz, σ〉 = σ(−1)|Λ| |nr,Λ, nz, σ〉
Throughout this work, only the z-signature symmetry has been imposed, leaving the s-
sioning nuleus free to violate the symmetry with respet to parity and assume asymmetri
shapes. These symmetries are taken into aount expliitly by rewriting the general Bogoli-
ubov transformation of Eq. (3) in terms of the relevant quantum numbers as
η†µ (q, sz,Ω) ≡
∑
n
[
U q,sz ,Ωnµ a
†
n (q, sz,Ω)
+V q,sz,Ωnµ an
(
q, sz, Ω¯
)]
ηµ
(
q, sz, Ω¯
) ≡ ∑
n
[(
U q,sz ,Ω¯nµ
)∗
an
(
q, sz, Ω¯
)
+
(
V q,sz,Ω¯nµ
)∗
a†n (q, sz,Ω)
]
where q distinguishes protons and neutrons, sz = ±1 is the z-signature quantum number,
and Ω¯ is the total angular-momentum projetion for the time-reversed state.
Even with the z-signature symmetry imposed, the treatment of ssion an require large
basis sizes and the alulation of a large number of two-body matrix elements. In order
to further limit the size of problem, various basis trunation shemes have been devised.
Some [37℄ keep only those basis states with orresponding HO energies below a given uto,
while other shemes [4, 38℄ diretly allow for more quanta along the z diretionthe diretion
of elongation of the ssioning nuleusompared to the radial diretion. In the trunation
sheme of [37℄, the HO quantum numbers must satisfy
~ω⊥ (n⊥ + 1) + ~ωz
(
nz +
1
2
)
≤ ~ω0 (N + 2) (11)
with n⊥ ≡ 2nr+ |Λ| and for a given maximum shell number N , where the osillator frequen-
ies are related to the length parameters b⊥ and bz in Eq. (10) by
ω⊥ =
~
mb2⊥
, ωz =
~
mb2z
, ω30 = ω
2
⊥ωz (12)
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and m is the nuleon mass. With inreasing axial elongation and for xed N , Eq. (11) adds
more shells in the z diretion while simultaneously dereasing the number of shells in the
radial diretion, thus keeping the basis size from growing too quikly with deformation. In
the trunation sheme of [4, 38℄, the ondition
nz
q
+ 2nr + |Λ| ≤ N (13)
is imposed for a given maximum shell number N and parameter q. In this work we have
used both trunation shemes. The trunation given by Eq. (11) has been used for most
alulations in this paper, while the trunation of Eq. (13) has been used mainly in setion
IIIA.
The osillator lengths b⊥ and bz in Eq. (10), or equivalently the frequenies ω⊥ and ωz,
are variational parameters in the HFB alulation that must be hosen to minimize the HFB
energy. Through a series of alulations in
240
Pu using the trunation sheme of Eq. (13)
with N = 13 and q = 1.5, and exploring a wide range of values of the onstraints on the
quadrupole (Q20) and otupole (Q30) moments, an approximate dependene was obtained
for the frequenies that minimize the HFB energy, given by
~ω0 = 8.4345− 0.0021668Q20 (14)
ω⊥
ωz
= 1.7041 + 0.0028743Q20 (15)
with Q20 in barns and ~ω0 in MeV. No signiant dependene on Q30 was observed in the
range of interest.
Perhaps the most important aspet of the basis states in Eq. (10) is that they are entered
about the origin by onstrution. In partiular, the Gaussian fator in Eq. (10) ensures that
the nulear wave funtion falls o rapidly with inreasing z. Despite this feature of the basis
states, we will show that it is still possible to desribe the exoti shapes ourring in ssion.
In order to desribe both the nek (near z = 0) and nasent fragments (typially 5-10 fm
from the origin) with the basis states of Eq. (10), we are fored to inlude many quanta in
the z diretion, and to use relatively large values of bz.
To justify the use of the one-enter basis for the range of ssioning ongurations and
quantities examined in this paper, we have performed separate HFB alulations for
134
Te
and
106
Mo entered at the origin, and translated the resulting wave funtions to the typial
positions these nulei oupy as
240
Pu nasent ssion fragments. The formalism required for
8
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Figure 1: (Color online) Plots of the nulear densities for fragments of
134
Te and
106
Mo along the axis
of elongation of the nuleus, alulated in the one-enter basis and plotted (as solid blak lines) en-
tered at z = -7.63 and 9.65 fm, respetively. The dashed red lines represent the same densities, but
translated from the origin to their respetive entroid positions within a nite harmoni-osillator-
basis trunated aording to Eq. (11) and with N=13 shells, using the formalism in appendix
B.
translating a wave funtion expressed within a nite HO basis is given in appendix B. The
basis was trunated aording to Eq. (11) with N = 13, resulting in a maximum number
nz = 26 along the z axis. The result is shown in Fig. 1, and ompared to a translation in an
innite-sized basis (obtained in pratie by redrawing the urves at the displaed entroid
positions while preserving their shape). The omparison learly shows the appearane of
spurious tails for eah fragment translated within a nite-size basis. If the fragments are
separated further, e.g. by an additional 2.5 fm for eah fragment in Fig. 2, the tails grow
larger. However, the tails aused by the translation in a nite basis remain relatively small
(∼ 10−4 fm−1 in Fig. 1, and ∼ 5 × 10−4 fm−1 in Fig. 2), and the separations between the
fragments in both gures are larger than those enountered in the remainder of this work.
In setion IIIA we will show that these tails do not signiantly aet the nulear properties
alulated in this paper. In a forthoming publiation [39℄ we will explore a more mirosopi
denition of sission and of the ssion fragments, and we will alulate quantities suh as
the interation energy between the fragments that may be more sensitively aeted by the
presene of these tails [43℄.
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Figure 2: (Color online) Same as Fig. 1, but for the
134
Te and
106
Mo fragments translated an
additional 2.5 fm eah, to entroids at z = -10.13 and 12.15 fm, respetively.
C. Multiple onstraints in HFB alulations
In this setion, we fous on formal and pratial onsiderations in the hoie and ontrol of
multiple onstraints in HFB alulations. We will desribe a mehanism for the adjustment
of the onstraints whih generalizes the disussion in [28℄. The formalism desribed here and
used in our alulations is that of variation with linear onstraints. Other approahes for
the adjustment of onstraints, suh as the quadrati-onstraint method an also be found
in the literature [40℄. We have adopted the linear-variation approah in our work beause
we have found it to be stable and robust, and these are important qualities needed to map
out the sission ongurations, whih requires preise ontrol of the nulear shape. For a
proess like ssion, these onstraints are entral not only to being able to drive the nuleus
to sission, but also to unover the full rihness of the mirosopi method in its ability to
desribe the omplexities of ssion. In setion IIA we already disussed the introdution
of onstraints on the average number of neutrons and protons for the HFB Hamiltonian.
Further onstraints an be introdued through the external-eld one-body operators λiFˆi,
H −
∑
i
λiFˆi (16)
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where the parameters λi are used to adjust the eld intensities. Based on Eq. (9), the
Bogoliubov equation assoiated with Eq. (16) an now be written[
H (R)−
∑
i
λiFi, R
]
= 0
where
Fi ≡

 Fˆi 0
0 −Fˆ ∗i


(17)
in the partile-hole representation, and H (R) is given by Eq. (8). In what follows, we will
use the notation
H (R, {λi}) ≡ H (R)−
∑
i
λiFi
where {λi} represents the set of Lagrange multipliers other than those assoiated with the
proton and neutron numbers. The λi Lagrange multipliers an be adjusted to yield an HFB
solution with desired expetation values fi of the elds〈
Fˆi
〉
=
1
2
TrFˆi +
1
2
TrFiR
= fi
The formalism used to nd the appropriate λi parameters is derived in appendix A. In
desribing ssion within the mirosopi approah, we are free to impose any number of
onstraints, eah dened by a orresponding external-eld operator. We are limited in this
task by the omputational requirements, whih grow quikly with the number of onstraints,
and by their relevane to the ssion proess.
In the simplest physial piture of ssion, we expet that the nuleus will streth along its
symmetry axis until sission, and therefore introdue the mass quadrupole operator Qˆ20 as
a onstraint. Next, the otupole operator Qˆ30 is introdued to aount for the range of mass
divisions observed in fragments, from symmetri to asymmetri. With the introdution of
the otupole onstraint, we are fored to impose a onstraint on the dipole moment, Qˆ10, as
well in order to maintain the enter of mass of the nuleus xed. The hexadeapole operator
Qˆ40 ontrols the formation of the nek between nasent fragments, and aounts for the
range of ssion modes from old to hot [2℄. In addition, we reall that the HFB proedure
11
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Figure 3: Calulated HFB energy for
240
Pu as a funtion of hexadeapole moment, and for
quadrupole moments of 300 b (old ssion) and 370 b (hot ssion). For the 〈Q20〉 = 300b ase, the
ssion valley is seen near
〈
Qˆ40
〉
= 130b
2
, and the fusion valley is near
〈
Qˆ40
〉
= 90b
2
. For the
〈Q20〉 = 370b ase, only the fusion valley is observed, near
〈
Qˆ40
〉
= 140b
2
.
requires onstraints on the expeted values of the proton-number (Nˆp) and neutron-number
(Nˆn) operators.
In Fig. 3, we show a alulation of the HFB energy for
240
Pu as a funtion of Q40
(Q40 ≡
〈
Qˆ40
〉
) at two quadrupole deformations, 300 b and 370 b, whih orrespond to the
so-alled old and hot ssion limits, respetively [2℄. These alulations were performed with
5 onstraints (for the values of
〈
Nˆp
〉
= 94,
〈
Nˆn
〉
= 146,
〈
Qˆ10
〉
= 0,
〈
Qˆ20
〉
= 300 b or
370 b , and 80 b2 ≤
〈
Qˆ40
〉
≤ 200 b2). In the old-ssion ase, a barrier of height ∼ 4.0MeV
relative to the ssion-valley minimum separates the two valleys. Near the hot-ssion limit,
the ssion valley has disappeared and the nuleus spontaneously falls into the fusion valley
near
〈
Qˆ40
〉
= 140 b2. Between the hot and old extremes, the nuleus an undergo ssion
through a range of intermediate modes.
The energy urves plotted in Fig. 3 eetively represent slies at xed values of
〈
Qˆ40
〉
in Fig. 3 of [2℄. The most striking feature in Fig. 3 is the sudden variation in energy over a
very small step size in
〈
Qˆ40
〉
of 1 b2. In the old-ssion ase, a drop of 2.7 MeV is observed
in going from
〈
Qˆ40
〉
= 110 b2 to 109 b2, and in the hot-ssion ase a more pronouned
drop of 7.6 MeV ours in going from
〈
Qˆ40
〉
= 190 b2 to 189 b2. These abrupt hanges in
energy, whih are in ontrast to the smooth behavior displayed in [2℄, orrespond to a sudden
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Figure 4: (Color online) Calulated nulear densities in steps of ∆
〈
Qˆ40
〉
= 1b
2
around the sission
onguration for old (top panel) and hot (bottom panel) ssion. The legends give the values of〈
Qˆ40
〉
for the dierent urves.
redution in the nek size (Fig. 4), whih we take as an indiator of a transitional phase
where the nuleus is undergoing sission. Note that the identiation of suh transitional
phases requires extremely small variations of the onstraints, whih ould explain why they
were not seen in [2℄. The preise ontrol of the onstraints needed to study the region around
sission is one of the important points that emerges from the work presented in this paper,
and the motivation for going into some detail in the desription of the onstraint-adjustment
algorithm in the next setion and in appendix A.
The rapid hange of the nek size mentioned above suggests the introdution of a on-
straint proportional to the average number of partiles
〈
QˆN
〉
in the nek separating the
nasent fragments, where [4℄
QˆN ≡ exp
[
−(z − zN)
2
a2N
]
(18)
with aN = 1 fm, and zN is the position of the nek (dened as the point between the
fragments where the matter density is lowest). As shown in Fig. 5, the energy alulated as
a funtion of
〈
QˆN
〉
beomes smoother and ontinuous. A more detailed disussion of this
result is given in the latter part of setion IID.
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Figure 5: Variation of the HFB energy as a funtion of the number of partiles in the nek,
dened by Eq. (18), at the sission onguration (
〈
Qˆ40
〉
= 189b
2
) for the hot-ssion alulation
(
〈
Qˆ20
〉
= 370b) in Fig. 3.
D. The HFB onvergene algorithm
The ontrol of HFB alulations with multiple onstraints is a deliate proedure, made
diult by the number of onstraints and their inherent orrelations. Beause the topi
ontinues to be of urrent interest in problems that rely on onstrained-HFB methods even
beyond ssion [32, 41℄, the onvergene algorithm used in the present HFB alulations is
disussed in detail here. The algorithmmust balane, at eah iteration, the diagonalization of
the HFB Hamiltonian to ensure self-onsisteny, and adjustment of the Lagrange multipliers
in Eq. (16). The main steps of the algorithm are as follows
1. Read initial generalized density R and Lagrange multipliers λi
2. Construt onstrained HFB Hamiltonian H (R, {λi})
3. Diagonalize H (R, {λi})
4. Construt new R
5. Mix R between onseutive iterations using a mixing parameter α (see Eq. (20))
6. Adjust value of α based on onvergene riterion
14
7. Calulate δλi needed to yield desired onstraint values, adjust λi
8. Calulate δR orresponding to the δλi, adjust R
9. If HFB solution is not onverged, return to step 2
The rst 4 steps in this algorithm are fairly self-explanatory and make use of the formalism
derived in setion IIA. We will examine the remaining steps in greater detail sine they are
not typially disussed in depth in the literature.
At the end of eah iteration i, the onvergene of the HFB solution is assessed by al-
ulating the largest variation from the previous iteration in the elements of the generalized
density matrix,
εi ≡ sup |Rpqmn (i)− Rpqmn (i− 1)| (19)
The quantity εi is also used to determine the oeient α in step 5 whih mixes the gener-
alized densities between suessive iterations using an adjustable oeient α,
Rpqmn (i) → (1− α)Rpqmn (i) + αRpqmn (i− 1) (20)
with 0 ≤ α ≤ 1. This mixing is essential to slow down the onvergene algorithm whih
would otherwise often behave erratially in the rst few iterations and ould fail to onverge
at all. The mixing oeient α is adjusted in step 6 in suh a way that it tends to zero as εi
dereases. In pratie, two thresholds are supplied, εmin and εmax, along with a maximum
value αmax for the mixing oeient suh that
α =


αmax εi ≥ εmax
αmax
εi−εmin
εmax−εmin
εmin < εi < εmax
0 εi ≤ εmin
Furthermore, if the HFB solution diverges from one iteration to the next (i.e., if εi > εi−1)
then α is set to αmax and remains at that value until the HFB solution onverges again. For
the work in this paper we have used εmin = 10
−3
or 10−4, εmax = 10
−1
, and αmax = 0.5
(or in a few ases 0.8 for a slower initial onvergene). We note in passing that the mixing
of generalized density matries is a global operation, i.e. the same oeient α is used
for all the matrix elements. The Broyden method, or its more elaborate modied version
15
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Figure 6: Plot of the onvergene metri, given by Eq. (19), as a funtion of HFB iteration number
for the
〈
Qˆ40
〉
= 110b
2
old-ssion point in Fig. 3.
[41℄, ould provide a better alternative for optimizing the hoie of the mixing oeient by
assoiating an independent value of α to eah matrix element.
The formalism needed to adjust the Lagrange parameters in step 7, and the generalized
density in step 8 is presented in appendix A, and we stress the importane of adjusting both
for a stable onvergene of the HFB method. The algorithm is onsidered to have onverged
in step 9 if εi ≤ εmin for several iterations (typially 2 in the present work).
In order to illustrate various aspets of the onvergene algorithm, we have examined the
old-ssion point at
〈
Qˆ40
〉
= 110 b2 in Fig. 3 in detail. Beause this point orresponds
to a loal maximum in the HFB energy, its alulation is partiularly demanding on the
onvergene algorithm. In Fig. 6 we show the onvergene riterion, ε, alulated using
Eq. (19) at eah iteration. The HFB solution is found to better than ε < 10−4 after 156
iterations in this ase. We note a region in Fig. 6 roughly between iterations 10 and 40,
where ε appears to be relatively onstant and the onvergene is orrespondingly slow. In
this region, all the onstraints appear to be lose to their desired values, exept for the dipole
moment. The
〈
Qˆ10
〉
value is still relatively large (∼ 0.06− 0.2 fm) and may be responsible
for the stagnant onvergene.
In Fig. 7 we examine the adjustment of the ve onstraints at eah iteration. The
gure shows the relative deviation of eah onstraint from the desired value. For all but the
dipole-moment onstraint, this relative deviation of the alulated average value
〈
Qˆ
〉
of the
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Figure 7: (Color online) Relative deviations of the alulated onstraint values from their desired
values as a funtion of HFB iteration number for the alulation with
〈
Qˆ40
〉
= 110b
2
. The relative
deviation for the dipole moment is given by Eq. (22), and by Eq. (21) for all other onstraints.
The onstraints shown are:
〈
Qˆ10
〉
(blak solid line),
〈
Qˆ20
〉
(red dotted line),
〈
Qˆ40
〉
(green dashed
line),
〈
Nˆn
〉
(blue dot-dashed line), and
〈
Nˆp
〉
(turquoise dot-dot-dashed line).
onstraint from its desired value q is given by∣∣∣∣∣∣
〈
Qˆ
〉
− q
q
∣∣∣∣∣∣ (21)
In the ase of the dipole moment, the desired value is q10 = 0 and Eq. (21) annot be
used. Instead, we obtain from
〈
Qˆ10
〉
the position of the entroid of the nuleus, given by〈
Qˆ10
〉
/A where A = 240 is the total number of nuleons, and ompare it to the alulated
root-mean-squared radius of the nuleus, Rrms, using the ratio∣∣∣∣∣∣
〈
Qˆ10
〉
ARrms
∣∣∣∣∣∣ (22)
The alulation is started from an HFB solution that diers only in the value of the
hexadeapole onstraint,
〈
Qˆ40
〉
= 115 b2, with all other onstraints the same. Hene we see
in Fig. 7 that at the rst iteration, all relative deviations exept the one for the hexadeapole-
moment onstraint are small. The alulation onverges to the desired level of auray after
156 iterations.
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Figure 8: (Color online) Same as Fig. 7, but for the alulation with
〈
Qˆ40
〉
= 130b
2
.
This diult onvergene should be ontrasted with the alulation of the old-ssion
point at
〈
Qˆ40
〉
= 130 b2, near the bottom of the ssion valley in Fig. 3. The relative
deviations of the onstraints for this more stable alulation are shown in Fig. 8. After
the tenth iteration, all onstraints tend to the desired value rapidly and smoothly. This
alulation is onverged to the same level of auray as the one at
〈
Qˆ40
〉
= 110 b2 after
only 33 iterations.
Finally, we disuss in greater detail the disontinuities observed in Fig. 3. Suh dison-
tinuities have been alluded to in the literature [42℄ as a potential diulty for mirosopi
alulations. In this setion, we show how these disontinuities are an indiator of a hange
in the meaning of ertain olletive oordinates near the ritial sission ongurations. We
also show how these disontinuities an be eliminated through the hoie of a more appro-
priate olletive oordinate.
The impat of these disontinuities an be felt even before the sission onguration is
reahed. We illustrate this point by showing the results of HFB alulations, performed
with idential multipole onstraints up to the hexadeapole moment (i.e., with the same〈
Qˆ10
〉
,
〈
Qˆ20
〉
,
〈
Qˆ30
〉
,
〈
Qˆ40
〉
values), but dierent initial densities. We will approah the
old-ssion sission onguration near
〈
Qˆ40
〉
= 110 b2 in Fig. 3 with an initial density
orresponding to either a sissioned or non-sissioned nuleus. The rst alulation, shown
in Fig. 9, was performed at
〈
Qˆ40
〉
= 130 b2, near the bottom of the ssion valley. Two urves
18
are shown, orresponding to a initial hoie of the generalized density alulated at
〈
Qˆ40
〉
=
135 b2 (whole nuleus), and
〈
Qˆ40
〉
= 90 b2 (broken/sissioned nuleus). As expeted, both
hoies of starting point lead to exatly the same HFB solution, as is evidened by the
overlapping density urves in Fig. 9. By ontrast, Fig. 10 ompares alulations at
〈
Qˆ40
〉
=
115 b2 (i.e., near sission), starting from solutions at
〈
Qˆ40
〉
= 120 b2 (whole) and
〈
Qˆ40
〉
=
90 b2 (broken). Both solutions have the same values of the rst four moments, yet the
alulation started from a whole solution leads to a whole result, while the broken starting
onguration leads to a broken-nuleus solution. A similar eet is observed in Fig. 11,
orresponding to a alulation very lose to sission at
〈
Qˆ40
〉
= 110 b2 with starting densities
from
〈
Qˆ40
〉
= 115 b2 (whole) and
〈
Qˆ40
〉
= 90 b2 (broken) solution. Note that these HFB
alulations are performed with an unpreedented 7 simultaneous onstraints.
The densities plotted in Figs. 9-11 reveal a omplex relationship between the hexade-
apole and QN degrees of freedom. These two oordinates are not related by a one-to-one
mapping and annot be used interhangeably to drive the system to sission. In Fig. 12 we
show the HFB energy surfae as a funtion of Q40 and QN for the alulation with all mo-
ments up to hexadeapole xed. In partiular,
〈
Qˆ20
〉
= 300 b, and
〈
Qˆ30
〉
= 34.951 b3/2the
value of the otupole moment for the two alulations in Fig. 11. The shape of the en-
ergy surfae suggests that energy-minimizing HFB solutions an exist whih have the same
value of
〈
Qˆ40
〉
, but distint values of
〈
QˆN
〉
. For mostbut not allvalues of
〈
Qˆ40
〉
a small
barrier in the surfae (marked by a solid line along the surfae in the gure) separates the
minima with diering values of
〈
QˆN
〉
. This barrier is at best a few hundred keV's high
and dereases rapidly with dereasing
〈
Qˆ40
〉
as we approah the sission onguration. At〈
Qˆ40
〉
= 110 b2 the barrier has dropped to only 1.8 keV and vanishes ompletely between〈
Qˆ40
〉
= 104 b2 and 110 b2. This break in the barrier auses the disontinuity in Fig. 3,
where the alulations are performed without a onstraint on
〈
QˆN
〉
to prevent the HFB
alulation from falling into the sissioned onguration.
Near sission, the total multipole moments of the nuleus are determined by the in-
trinsi and relative moments of the fragments, and rearrangements between these terms an
produe dierent matter distributions with the same overall moments, at least up to the hex-
adeapole. Thus imposing a onstraint on
〈
Qˆ40
〉
will not neessarily result in a onstraint
on the nek size near sission. The
〈
QˆN
〉
onstraint on the other hand was already shown
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Figure 9: (Color online) Comparison of nulear densities for the
〈
Qˆ40
〉
= 130b
2
old-ssion point
in Fig. 3, starting either from a whole (solid blak line) or sissioned/broken (dashed red line) initial
onguration of the nulear density in the HFB iterations. All moments up to the hexadeapole
have been onstrained to the same values for the two alulations.
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Figure 10: (Color online) Same as Fig. 9, but for a alulation at
〈
Qˆ40
〉
= 115b
2
.
to produe a smooth energy dependene in Fig. 5 and is therefore the suitable oordinate
in the study of ssion for ongurations near and beyond sission.
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Figure 12: Energy surfae alulated with onstraints on
〈
Nˆn
〉
= 146,
〈
Nˆp
〉
= 94,
〈
Qˆ10
〉
= 0,〈
Qˆ20
〉
= 300b,
〈
Qˆ30
〉
= 34.951b3/2, 90b3/2 ≤
〈
Qˆ40
〉
≤ 130b3/2, and 0.05 ≤
〈
QˆN
〉
≤ 3.05. The
dark lines along the surfae mark the position of a small loal barrier on the surfae.
E. Sission in the onstrained-HFB approah
In this setion, we briey disuss various signatures of sission. Some of the harateristis
of sission have already been mentioned in setions IIC and IID. The standard indiators of
sission are sudden hanges in either energy (interation energy between fragments or total
HFB energy) or shape (nek size or hexadeapole moment) for the nuleus [14℄. For the
work in this paper, we use the same semilassial denition of the nasent ssion fragments
21
as in [14℄, where a position along the symmetry axis of the nuleus is identied as a divider
between left and right fragments, and the fragment properties are obtained as integrals over
the density with this ut as an endpoint for the integrals. In a forthoming publiation
[39℄, we will adopt a more mirosopi riterion to identify the fragment [43℄, based on the
individual single-partile wave funtions, and using the hanges in the interation energy
between fragments as an indiator of sission. In this paper we will fous instead on the
HFB energy and the number of partiles in the nek before and after sission.
Consider, for example, the old-ssion alulation in Fig. 3. At
〈
Qˆ40
〉
= 110 b2 there
is still a signiant amount of matter in the nek onneting the nasent fragment with〈
QˆN
〉
= 2.41. At
〈
Qˆ40
〉
= 109 b2 however, the nek breaks and
〈
QˆN
〉
drops to 0.50
partiles. This sudden variation in shape over a small inrement in hexadeapole moment is
shown in the top panel of Fig. 4. At
〈
Qˆ40
〉
= 90 b2, the bottom of the fusion valley,
〈
QˆN
〉
has been redued to 0.09 partiles. From
〈
Qˆ40
〉
= 110 b2 to 109 b2, the total HFB energy
drops by 2.7 MeV, and the dierene in energy between
〈
Qˆ40
〉
= 110 b2 and 90 b2 is 10.2
MeV.
A similar analysis an be performed for the hot-ssion alulation in Fig. 3. In this
ase, the last point where a sizable nek still exists between the nasent fragment is at〈
Qˆ40
〉
= 190 b2, with
〈
QˆN
〉
= 2.92 partiles. By
〈
Qˆ40
〉
= 189 b2 the nek has essentially
disappeared, and
〈
QˆN
〉
has dropped to 0.23 partiles. At the bottom of the fusion valley,
where
〈
Qˆ40
〉
= 140 b2, there are only
〈
QˆN
〉
= 0.02 partiles in the nek. The hange in
shape is plotted in the bottom panel of Fig. 4. The drops in energy are more signiant
than in the old-ssion ase. From
〈
Qˆ40
〉
= 190 b2 to 189 b2, the total HFB energy drops
by 7.6 MeV, and from
〈
Qˆ40
〉
= 190 b2 to 140 b2, it drops by 20.1 MeV.
III. RESULTS
A. Benhmark:
226
Th sission
We have performed HFB alulations of hot-ssion properties for
226
Th, in order to
ompare with the results in [14℄ that were obtained with two-enter HFB alulations. We
have used both the basis trunation of Eq. (13) with N = 13 and q = 1.5, and the one
given by Eq. (11) with N = 13. The osillator-frequeny parametrization of Eqs. (14) and
22
(15) was used, even though it was obtained for alulations in
240
Pu. We will show that our
results are in good agreement with those of Dubray et al. [14℄ for
226
Th with either basis
trunation sheme.
In Fig. 13, we plot the hot-sission line for
226
Th, and ompare it to the one obtained in
[14℄. The sission line was determined by performing series of alulations at xed
〈
Qˆ30
〉
and inreasing values of
〈
Qˆ20
〉
by 5 b, eah alulation using the previous one as a starting
point, until an HFB solution was found where the nek size dereased drastially. Lines
separated by ∆
〈
Qˆ20
〉
= 5 b onneting the HFB solutions just before and just after the
breaking of the nek are displayed in Fig. 13, braketing the atual sission line. These lines
are in good agreement with the
226
Th sission line in [14℄. In Fig. 14 we examine the region
with
〈
Qˆ30
〉
= 25−35 b3/2 in greater detail. A series of HFB alulations were performed at
onstant
〈
Qˆ20
〉
values of 280, 310, 360, and 400 b starting from
〈
Qˆ30
〉
= 25 b3/2 in eah ase
and proeeding in steps of ∆
〈
Qˆ30
〉
= 1 b3/2. For these alulations, the basis trunation
of Eq. (11) was used with N = 13 in order to provide a larger number of osillator shells
(up to 26 in pratie) in the z diretion, while keeping the overall number of basis states
relatively low. With these large-basis alulations, we nd that the results of Dubray et al.
[14℄ are very well reprodued.
In Fig. 15, we ompare the mass quadrupole moment alulated for the fragments for
the HFB solutions just before sission (solid disks onneted by solid lines in Fig. 13) to the
orresponding result in [14℄. As in [14℄, the Q20 values were alulated by integration over
the left- and right-fragment densities, trunated at the nek position. The results of [14℄ are
well reprodued by our alulations. Similarly, in Fig. 16, we show the otupole moment
of the fragments ompared to the Dubray et al. results. In this ase as well, the agreement
between the two sets of alulations is good.
The agreement between one-enter and two-enter alulations in Figs. (13)-(16) is reas-
suring, both as a benhmark for the HFB ode used in this work, and as an assessment of
the appliability of the one-enter basis near sission. With these results in mind, we turn
next to the ssion properties of
240
Pu.
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Figure 13: (Color online) Sission line for
226
Th obtained in this work, and ompared to the result
of Dubray et al. [14℄. The solid disks onneted by a solid green line represent HFB solutions just
before sission in this work, and the solid disks onneted by a dashed red line represent solutions
immediately after sission in this work. The thik solid blak urve is the sission line taken from
[14℄.
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Figure 14: (Color online) Large-basis HFB alulations in
226
Th along lines with xed
〈
Qˆ20
〉
performed to reprodue the details of the sission line found in Dubray et al. [14℄. A dashed line
onnets the last point before sission, and should be ompared to the Dubray et al. result (solid
line).
24
80 100 120 140
A
0
5
10
15
20
25
30
Q 2
0 
(b)
Dubray et al. (2008)
This work
Figure 15: (Color online) Comparison of ssion-fragment quadrupole moments as a funtion of
fragment mass number between this work (solid blak disks) and the results in [14℄ (solid red
triangles).
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Figure 16: (Color online) Same as Fig. 15, but for the ssion-fragment otupole moments.
B.
240
Pu sission
For the
240
Pu alulations, we have used the trunation sheme of Eq. (11) with N = 13.
The parameterization in Eqs. (14) and (15) was adopted for the HO frequenies.
Fig. 17 illustrates the searh for the hot-sission line in
240
Pu. Points along lines with
xed
〈
Qˆ30
〉
or
〈
Qˆ20
〉
inreasing in steps of 1 b3/2 and 5 b near the sission line, respetively,
denote individual HFB alulations, eah using the previous one as a starting point. As in
25
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Figure 17: (Color online) Sission line for
240
Pu obtained in this work. All alulations were done
using the basis trunation of Eq. (11). The solid green disks represent HFB alulations produing
a whole (non-sissioned) nulear density. The empty red irles onneted by a solid line represent
sissioned ongurations.
the ase of
226
Th in Fig. 13, the nuleus tends to streth to muh larger deformations in the
symmetri limit. This leads to fragments that are formed muh further apart in symmetri
ssion, and a orresponding drop in their mutual Coulomb repulsionand therefore their
total kineti energyas observed experimentally [44℄. As in the ase of
226
Th, we also observe
regions around Q20 = 550 b/Q30 = 35 b
3/2
and Q20 = 400 b/Q30 = 38 b
3/2
where the sission
line bulges out. In these regions, for a given Q30 value, the nuleus may sission at more
than one value of Q20.
Fig. 18 ompares the total HFB energy of the ssioning nuleus just before and just after
sission. In general, sission is aompanied by a marked drop in HFB energy. That drop,
however, is muh more pronouned for ssion near the symmetri limit, where it an be as
large as ∼ 50 MeV over the ∆
〈
Qˆ20
〉
= 5 b hange in quadrupole moment. Note that the
fragment masses in Fig. 18 are not the same before and after sission. This dierene is an
indiation of the drasti variations in the nulear density, and the redistribution of partiles
in the nek between the two fragments at sission.
The number of partiles in the nek just before and after sission is shown in Fig. 19 as
a funtion of the heavy-fragment mass. The variation in
〈
QˆN
〉
is quite large (typially by
an order of magnitude, but near the symmetri limit, by more than a fator of 1000).
As in [14℄, we extrat the fragment properties for eah mass division from the HFB alu-
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Figure 18: (Color online) HFB energy of the ssioning nuleus, plotted as a funtion of the heavy-
fragment mass number, obtained from the HFB alulations just before (solid green disks) and just
after (empty red irles) sission in Fig. 17.
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Figure 19: (Color online) Number of partiles in the nek of the ssioning nuleus, plotted as a
funtion of the heavy-fragment mass number, obtained from the HFB alulations just before (solid
green disks) and just after (empty red irles) sission in Fig. 17.
lation just before sission. However, we go further than the alulation in [14℄ by attempting
to approah the sission onguration even more losely. We introdue an additional on-
straint on QN to eah point in the Q20 − Q30 map of Fig. 17 just before the sission line,
and searh for the QN value marking a point just before a drop in EHFB ours. Fig. 20
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Figure 20: (Color online) Identiation of the last onguration before sission for HFB alulations
at xed Q30= 10b
3/2
and 55b
3/2
, as a funtion of the QN onstraint. The irled points on eah
urve were hosen as the last pre-sission onguration, before the drop in HFB energy as a funtion
of dereasing QN .
shows some typial hoies for this point. In Fig. 21, the harge and mass of eah fragment
is plotted, overing a range from A = 93 to 147. We note that there is a nearly linear
relationship between the mass and harge of the fragments, whih an be tted as
Z = 3.5349 + 0.36221A
This result is onsistent with the predition of the Unhanged-Charge Division (UCD) model
[45℄, also shown in Fig. 21 for omparison, whih for
240
Pu yields
Z =
94
240
A ≈ 0.3917A
The moments of the fragments are shown in Figs. 22-24. The overall shape of the
quadrupole moment in Fig. 22 is similar to the one shown for
226
Th in Fig. 15, with a
maximum at the symmetri limit, and a drop-o on either side. There is also a signiant
dip in the
〈
Qˆ20
〉
value near the nearly-spherial
134
Te fragment. The fragment otupole
moment, plotted in Fig. 23, also shows similarities in shape as well as magnitude to the
226
Th ase in Fig. 16 [46℄. Finally, we also show the hexadeapole moment of the fragments
in Fig. 24. There as well, the value of
〈
Qˆ40
〉
reahes a maximum near the symmetri limit,
and drops o on either side. In all ases, a line has been drawn to guide the eye using a
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Figure 21: (Color online) Fission-fragment harge number plotted as a funtion of mass number,
obtained from the HFB alulations immediately prior to sission in Fig. 17. The UCD predition
(solid red line) is plotted for omparison.
polynomial t to the points. The HFB alulations in Figs. 22-24 exhibit a great deal of
utuation about the smooth polynomial t. These utuations are due for the most part to
the diulty in identifying a sission onguration based on the riterion of sudden hanges
in global nulear properties, suh as the total energy. In a forthoming paper [39℄, we will
embark on a more detailed study of the sission ongurations at the mirosopi level, and
extrat the exitation, kineti, and interation energies of the fragments. The merits and
diulties of a sission riterion based on the interation energy between the fragments will
be disussed in detail.
IV. CONCLUSION
We have developed the HFB ode FRANCHBRIE for mirosopi ssion studies using the
nite-range D1S eetive interation. The ode allows for the multiple onstraints needed to
explore the nulear densities relevant to ssion, and is based on matrix elements alulated
in a one-enter deformed harmoni-osillator basis. We have provided a detailed derivation
of the formalism required for the adjustment of those multiple onstraints.
We have applied the ode to the alulation of sission ongurations in the hot ssion
of
240
Pu. These alulations are relevant to studies of thermal neutron-indued ssion on a
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Figure 22: (Color online) Fission-fragment quadrupole moments, plotted as a funtion of fragment
mass number, obtained from the HFB alulations immediately prior to sission in Fig. 17. A line
has been drawn through the HFB results to guide the eye.
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Figure 23: (Color online) Same as Fig. 22, but for the ssion-fragment otupole moments.
target of
239
Pu. We have foused on the tehnial aspets of using the HFB formalism for
ssion studies. In partiular, we have disussed some aspets of ssion alulations within
a one-enter basis, and the importane the hoie of olletive oordinates in the HFB
iterations for nearly-sissioned ongurations. A sission line in the quadrupole-otupole
plane was obtained and shows a tendeny for the nuleus to reah muh larger elongations
in the symmetri limit before sission ours. A similar feature was observed in the sission
30
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Figure 24: (Color online) Same as Fig. 22, but for the ssion-fragment hexadeapole moments.
line of
226
Th by Dubray et al. [14℄ using two-enter HFB alulations, reprodued in this
work with a one-enter alulation. The inreased malleability of the nuleus near the
symmetri limit is reeted in the various moments (quadrupole, otupole, hexadeapole)
alulated for the ssion fragments and presented here.
In a forthoming publiation, we will extrat the exitation and kineti energies of the
ssion fragments. We will introdue a mirosopi riterion for the identiation of ssion
fragments, and alulate their interation energies, with speial attention to the density tails
disussed in this paper. Finally, the stati alulations of hot ssion presented here are the
rst step in a fully dynamial alulation of
240
Pu ssion. Further developments are planned
to explore all ssion modes, from hot to old, and to inlude the dynamial aspets of the
theory in the alulations.
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Appendix A: MULTIPLE CONSTRAINT FORMALISM
1. Eet of the variation of a single Lagrange multiplier on the generalized density
In this appendix, we derive the formalism for solving the HFB equation with multiple
onstraints. The derivation generalizes the disussion in [28℄ to the ase of multiple on-
straints.
In the rst setion, we give the essential formulas used in the adjustment of onstraints.
A seond setion illustrates the formalism with the speial ase of a single onstraint, and
the last setion presents the general ase of multiple onstraints. Starting from the HFB
equation, Eq. (9), we write for a Hamiltonian with a single onstraint λFˆ introdued as is
Eq. (16),
[H (R (λ) , λ) , R (λ)] = 0
where
〈
λ
∣∣∣Fˆ ∣∣∣λ〉 ≡ f (λ)
=
1
2
TrFˆ +
1
2
TrFR (λ) (A1)
is the expetation value of Fˆ in the orresponding HFB solution |λ〉, with F given by Eq.
(17). Consider a small variation δλ of the Lagrange multiplier, leading to a new HFB solution
with
[H (R (λ+ δλ) , λ+ δλ) , R (λ+ δλ)] = 0 (A2)
where
〈
λ+ δλ
∣∣∣Fˆ ∣∣∣λ+ δλ〉 ≡ f (λ+ δλ)
=
1
2
TrFˆ
+
1
2
TrFR (λ+ δλ) (A3)
We will now derive an expliit relation between the generalized density
R (λ) ≡ (0)R
32
and its perturbed value, expanded to rst order in δλ,
R (λ+ δλ) ≡ (0)R + (1)R
Note that the idempotene ondition in Eq. (5) implies that the matrix
(1)R has the form
(1)R˜ =

 0 (1)R˜12
(1)R˜21 0


(A4)
in the quasipartile representation that diagonalizes
(0)R. A straightforward linearization of
Eq. (A2) about
(0)R gives the relation
(1) ~R = δλM−1 ~F (A5)
where M is the QRPA matrix, whose elements are given by seond-order derivatives of the
energy with respet to the generalized density matrix [28℄, and where we have introdued
the vetor notation
~F =

 F (1,2)
F (1,2)∗


(A6)
and similarly for
(1) ~R. Next, from Eqs. (A1) and (A3), we dedue
δf ≡ f (λ+ δλ)− f (λ)
=
1
2
~F † · (1) ~R (A7)
Combining this result with Eq. (A5), we an express δλ in the form
δλ =
2δf
~F † ·
(
M−1 ~F
)
(A8)
Equations (A5) and (A8) are the basis for the iterative proedure desribed in the next
setion that is used to solve the HFB equation under onstraint.
In order to obtain a omputationally eient expression for the inverse QRPA matrix
M−1 in Eq. (A8), we adopt the so-alled ranking approximation where the residual
interation between quasipartiles is negleted in the QRPA matrix. In this ase, M−1 takes
the blok-diagonal form
M−1 =

 [(εµ + εν)−1 δµσδντ ] [0]
[0]
[
(εµ + εν)
−1 δµσδντ
]


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and therefore,
(1)R21µν =
δλ
εµ + εν
∑
mn
(FmnVmµUnν
−F ∗mnUmµVnν) (A9)
with a orresponding expression for δλ.
2. Adjustment of the HFB solution in the ase of one onstraint
In this setion, we examine in greater detail steps 7 and 8 in the desription of the HFB
algorithm listed in setion IID. In this ase, the onstrained HFB equation is written
[H (R)− λF, R] = 0
with
f =
1
2
TrFˆ +
1
2
TrFR
where f is the expetation value of the onstraint operator. The solution of the HFB equation
then onsists not only in determining R, but also the Lagrange multiplier λ that satises the
onstraint. To solve this problem, we are led to an iterative proedure wherein the Lagrange
multiplier is adjusted at eah iteration. Consider the nth iteration, suh that the generalized
density matrix obtained in the previous iteration is R(n−1) with a orresponding Lagrange
multiplier λ(n−1). The diagonalization of H (R(n−1)) − λ(n−1)F leads to a new generalized
density whih we will denote R¯(n). At this stage, the onstraint is no longer neessarily
satised and we alulate the deviation from the desired value
δf (n) = f − f (n)
We orret the Lagrange multiplier using Eq. (A8),
λ(n) = λ(n−1) +
2δf (n)
~F † ·
(
M−1 ~F
)
and the generalized density using Eq. (A5),
R(n) = R¯(n) + δλM−1 ~F
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with
δλ = λ(n) − λ(n−1)
We dene the nth iteration with the self-onsistent pair of R(n) and λ(n). Note that the
onstraint is satised at eah iteration. This iterative proess generally onverges, i.e.
R(n) → R¯(n) → R
λ(n) → λ
f (n) → f
If the dierene in onstraint values is very large between suessive iterations (as may be
the ase in the rst few iterations), the onvergene rate an be improved by alulating the
generalized density matrix at the nth iteration aording to
R(n) = (1− α)
(
R¯(n) + δλM−1 ~F
)
+ αR(n−1)
with the assoiated Lagrange multiplier
λ(n) = (1− α) (λ(n−1) + δλ)+ αλ(n−1)
where the weight α tends to zero as the solution onverges. With this presription, the
onvergene of the generalized density and Lagrange multiplier are slowed down by the
same amount. In other words, the desired value f for the onstraint is approahed in a
gradual manner, so that at the nth iteration〈
λ(n)
∣∣∣Fˆ ∣∣∣λ(n)〉 = f (n) = (1− α) f + αf (n−1)
3. Adjustment of the HFB solution in the ase of multiple onstraints
The results in the previous setion an be readily generalized to an arbitrary number N
of onstraints. In this ase, the HFB proedure minimizes the energy〈
{λ}
∣∣∣∣∣H −
N∑
i=1
λiFˆi
∣∣∣∣∣ {λ}
〉
subjet to the set of onstraints〈
{λ}
∣∣∣Fˆi∣∣∣ {λ}〉 = fi, i = 1, . . . , N
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The generalized density matrix is now a funtion of N Lagrange multipliers, R ({λ}). We
write
R ({λ+ δλ})− R ({λ}) ≡ (1)R
=
N∑
i=1
∂R
∂λi
δλi
=
N∑
i=1
(1)Ri (A10)
Clearly,
(1)Ri is a variation where all the Lagrange multipliers are held xed exept for the
one assoiated with Fˆi. Therefore,
(1)Ri is given by Eq. (A5) with the substitutions δλ→ δλi
and Fˆ → Fˆi. In the ase of multiple onstraints, Eq. (A5) is therefore replaed by
(1) ~R =
N∑
i=1
δλiM
−1 ~Fi (A11)
Furthermore, using the generalization of Eq. (A7) to multiple onstraints,
δfi ≡
〈
{λ+ δλ}
∣∣∣Fˆi∣∣∣ {λ+ δλ}〉− 〈{λ} ∣∣∣Fˆi∣∣∣ {λ}〉
=
1
2
~F †i · (1) ~R
and taking into aount Eq. (A11), we nally obtain
δλ = T−1δf (A12)
where the N ×N matrix T is dened by
Tlm ≡ 1
2
~F †l ·
(
M−1 ~Fm
)
(A13)
Note that this matrix introdues orrelations between all the onstraints. We assume in
our disussion that the inverse matrix T−1 exists, i.e., that the onstraints are independent.
Eqs. (A11) and (A12) then replae Eqs. (A5) and (A8) in the adjustment method desribed
above.
Appendix B: TRANSLATION IN A FINITE HARMONIC OSCILLATOR BASIS
In this setion, we give the expliit form for the expansion of a translated harmoni-
osillator funtion in a harmoni-osillator basis. We begin with the generating funtion for
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the Cartesian harmoni-osillator funtion (Eq. (A.1) in [35℄).
e−t
2+2tx/b−x2/(2b2) =
√
b
√
π
∞∑
k=0
2k/2√
k!
tkΦk (x; b) (B1)
Letting x→ x+∆x on both sides of Eq. (B1) after some simpliation, the left-hand side
(LHS) an be written as
LHS =
√
b
√
πe−∆x(x+∆x/2)/b
2
×
∞∑
m=0
∞∑
n=0
2m+n/2 (∆x/b)m
m!
√
n!
Φn (x; b) t
m+n
where we have used Eq. (B1) to express the LHS in terms of harmoni-osillator funtions.
Equating like powers of the arbitrary variable t between the LHS and right-hand side (RHS),
we obtain
Φk (x+∆x; b) = e
−∆x(x+∆x/2)/b2
×
k∑
m=0
2m/2
√
k! (∆x/b)m
m!
√
(k −m)!
×Φk−m (x; b) (B2)
This is still a nite sum over harmoni-osillator funtions, however an overall exponential
fator depending on x remains, and must be eliminated in order to obtain the expansion
of Φk (x+∆x; b) on the harmoni-osillator basis. Thus, in general, we need to derive an
expansion for the expression
e2αx/b
2
Φi (x; b) (B3)
where α = −∆x/2 and i = k − m in our ase. Starting from the generating funtion in
Eq. (B1), and multiplying both sides by the exponential fator in Eq. (B3), the LHS of Eq.
(B1) beomes after some simpliation
LHS =
√
b
√
πeα
2/b2
∞∑
l=0
2l/2√
l!
e2αt/b
(
t+
α
b
)l
Φl (x; b)
Expanding in powers of the arbitrary variable t, this takes the form
LHS =
√
b
√
πeα
2/b2
∞∑
l=0
∞∑
p=0
l∑
q=0
×

 l
q

 2p+l/2
p!
√
l!
(α
b
)l+p−q
Φl (x; b) t
p+q
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Therefore, equating like powers of t between LHS and RHS, we obtain
e2αx/b
2
Φk (x; b) = e
α2/b2
∞∑
l=0
l∑
q=0

 l
q

 2(k+l)/2−q√k!
(k − q)!√l!
×
(α
b
)l+k−2q
Φl (x; b)
Using this result in Eq. (B2), we obtain
Φk (x+∆x; b) = e
−∆x2/(4b2)
×
∞∑
l=0
Cl
(
−∆x
2b
)
Φl (x; b) (B4)
where
Cl (ξ) = 2
(k+l)/2
√
k!
l!
ξ(k+l)/2
×
k∑
m=0
l∑
q=0
(−1)m 2m−q
m! (k −m− q)!

 l
q

 ξ−2q
Note that the expansion of the translated harmoni-osillator funtion requires in priniple
and innite number of terms. In pratie, these translations are performed in a nite-sized
basis, and the trunation of the sum in Eq. (B4) to those shells within the basis an lead
to the appearane of tails for translated nulear densities expanded in a nite harmoni-
osillator basis, as shown in Figs. 1 and 2.
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